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Abstract
This work concerns analysis of spherical indentation experiments through
extensive finite element simulations involving the J2 flow and the J2 de-
formation plasticity theories both under finite and infinite deformations
to gain a fundamental comprehension into the mechanics of the transition
between elasto-plastic and fully-plastic contacts. A decrease in hardness
with increasing penetration is found to be a manifestation of the differences
in material pileup responses between the two plasticity theories, so that in
contrast to prior investigations, a peak in hardness cannot be taken to mark
onset of a so-called finite deformation fully-plastic regime. The accuracy of
Tabor’s hardness relation is examined in detail in light of the simulations
and a general relation is proposed through dimensional analysis to cor-
relate hardness with the uniaxial mechanical properties for any arbitrary
elasto-plastic or fully-plastic contact. Experiments are also performed in
different groups of metallic materials and amethodology is proposed to ex-
tract yield strength σys and power-law strain hardening parameter n from
aminimum of two hardness measurements performed at different penetra-
tion depths. Influence of pressure sensitivity in the extracted properties is
then examined through the experimental results. The issue of the unique-
ness in the extracted properties and of frictional effects between indenter
and material are briefly covered. The investigation ends with a discus-
sion on the robustness of mechanical property extractions through single
crystal spherical indentation experiments. Along these lines, consistency is
found between simulationswith the flow theory of plasticity and the crystal
plasticity model for fcc metals. Finally, the potential of spherical indenta-
tion to distinguish between single crystal elastic and plastic anisotropy is
considered.
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Chapter 1
Introduction
The analysis of indentation experiments is strongly rooted in thefield of con-
tact mechanics since in the absence of significant material recovery during
unloading, hardness measures the mean contact pressure between indenter
and material [1]. The foundations of contact mechanics lay in the deriva-
tion of analytical solutions for the penetration of conical and cylindrical
flat-ended punches into perfectly-elastic and rigid-perfectly plastic solids.
Such fully-plastic formulations for sharp indentation, which, essentially,
describe the proportionality between hardness p¯ and yield strength σys,
were considered by Tabor in devising the concept of the characteristic stress
σr, which replaces σys for indentations made in strain hardening solids [2].
A similar strategywas adopted to study fully-plastic spherical indentations
made in strain hardening metals, where σr was taken to increase with ratio
a/D between the contact radius and the radius of the spherical tip [2]. The
analogy between indentation and the inflation of a spherical cavity in an
infinite medium shed light into the comprehension of sharp elasto-plastic
contacts, which develop in solids whose elastic response enters hardness
formulations through the Young’s modulus E. Similar strategies are diffi-
cult to implement in spherical indentation because for a solid with a given
set of mechanical properties, an evolution occurs from elasticity to elasto-
plasticity to full plasticity with increasing a/D, which disrupts the otherwise
self-similar contact behavior attained with sharp tips. This is also reason
why althoughTabor’s fully-plastic formulation for spherical contacts is usu-
ally taken to apply to indentations made in metals whose elastic behavior
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can be ignored, either by ensuring that a/D is sufficiently large or because
the indented solid exhibits a combination of large E and small σys, a general
relation between hardness p¯ and the mechanical properties ranking from
elasto-plasticity to full-plasticity is unavailable to our present knowledge.
In addition to hardness p¯, a new set of contact variables became available
as research was directed towards the analysis of instrumented indentation
applied load (P)–penetration depth (hs) curves. Although contemporary
analysis of spherical indentation performed within the scope of hardness
measurements has used self-similarity, contact mechanics, plasticity theory
andfinite element simulations to gain an in-depthmathematical insight into
the mechanics of the experiment, the more recent work concerning the P–hs
curves essentially relied on a coupling of dimensional analysis to systematic
finite element simulations with the purpose of finding dimensionless best-
fit functions between the contact parameters describing the curves and the
uniaxial mechanical properties. An important outcome of the more recent
approaches is the extreme accuracy of the derived best-fit functions, which
thus provide an excellent vehicle to the development of methodologies for
mechanical property extractions from measured P–hs curves [3], [4], [5],
[6], [7].
In the first part of this work, we aim at using extensive finite element
simulations to revisit prior analyses of spherical indentation. A fundamen-
tal understanding is thus gained on the limitations of Tabor’s fully-plastic
formulation for spherical contacts. A new indentation map, predicting the
range of validity for the various contact regimes, is also constructed by
reassessing the influence of strain hardening, elasto-plasticity, the assumed
plasticity theory (i.e., flow vs deformation theories), and the existence of
finite (large) deformations upon the contact response. The simulations cou-
pled to simple dimensional analysis are then used to find a general relation
between p¯; the mechanical properties E, σys and power-law strain hard-
ening coefficient n; and ratio a/D. This relation provides a sound basis to
mechanical property extractions in polycrystalline aggregates from multi-
ple hardness measurements performed at arbitrary values of a/D. Detailed
hardness experiments are performed in awide range of values of a/D in four
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martensitic steels and a duplex stainless steel to provide guidelines into
successful evaluation of mechanical properties. A discussion is also given
concerning possible pressure-sensitive effects on plastic flow and frictional
effects upon mechanical property extractions. Finally, attention is devoted,
for the first time, to investigate the potential of spherical micro- and nano-
hardness experiments performed within single grains in the evaluation of
mechanical properties. Along these lines, the extension of the concept of
the characteristic stress to single crystal indentation is considered in detail
by recourse to novel crystal plasticity finite element simulations performed
along different crystallographic directions.
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Chapter 2
Mechanistic interpretations to
spherical indentation
As noted inChapter 1, the finding of a general relationship between the con-
tact variables and the uniaxial mechanical properties is difficult in spherical
indentation because as penetration progresses, the contact response may
evolve through various intermediate self-similar solutions. Namely, the
early elastic, the elasto-plastic, and the fully plastic regimes either at small
or large deformation conditions [1].
At sufficiently small penetrations and strains, the contact response fol-
lows Hertz solution for perfectly elastic contacts, namely [1]
p¯ =
4E?
3pi
a
R
(2.1)
where E? ≡ E/(1 − ν2) is the reduced Young’s modulus, a is the contact
radius and R the radius of the spherical indenter. The contact regime then
gradually evolves into an elasto-plastic transition prior to the attainment of
Tabor’s fully-plastic regime. In spherical indentation, full plasticity is taken
to be ruled by the scaling self-similar law [2] [9]
p¯ = ασ◦
(
β
a
D
)n
(2.2)
where the uniaxial stress-strain is taken to follow the power-law relation
σ = σ◦n (2.3)
for rigid solids lacking of an early linear elastic range. In the derivation
of Eq. (2.2), Tabor assumed that the hardness measured in an spherical
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indentation experiment is proportional to a characteristic uniaxial stress σr
around the contact (p¯ = ασr), which raises with the severity of the defor-
mation as the penetration depth ratio a/D is increased. The characteristic
uniaxial stress σr is thus taken to correspond to a characteristic uniaxial
deformation r which scales linearly with a/D (r = βa/D). Substitution of
σ = σr = p¯/α and  = r = βa/D into Eq. (2.3) finally provides Eq. (2.2) (see
p. 67–79 in [2]). Experimentation performed by Tabor and coworkers in
annealed copper and mild steel suggested that α ≈ 2.8 and β ≈ 0.4.
In contrast to fully-plastic spherical indentation, the characteristic stress
in sharp indentation is a constant magnitude leading to the relation p¯/σr =
α, irrespectively of a/D. It was experimentally found by Tabor and later
confirmed throughfinite element simulations that the characteristic uniaxial
stress σr measures the strength of the indented solid at a fixed (material-
independent) uniaxial deformation of 0.1 provided Eq. (2.3) is strictly
fulfilled (see, for instance, the work by Alcala and coworkers [5], [7] for
Vickers, Berkovich and conical indentationswith a half-apex angle of 70.3◦).
Such a characteristic stress is herein denoted as σ0.1.
In addition to Eq. (2.3), scaling laws for fully-plastic indentation can also
be derived where the hardness at any arbitrary load is predicted from an-
other hardness measurement performed at a different load or penetration
depth (see Meyer’s work [2], and the overview by Borodich [8] cover-
ing Russian literature on indentation). Notice, however, that Eq. (2.2)
represents and advantage over other scaling laws as it provides a direct
connection between indentation and the uniaxial properties σ◦ and n.
Equation (2.2) with the above mentioned values for constants α and β
was found to be valid through finite element analysis performed by Hill
et al. [9] assuming the J2 deformation theory of plasticity at small strains.
Embedded in such aplasticitymodel is the assumption that the loadingpath
remains constant throughout the indentation experiment. The influence of
non-proportional loading in spherical indentation was evaluated through
finite element simulations performed by Biwa and Storakers [10] with the
J2 associated flow plasticity theory, again under small-strain formulation.
In addition to some observations regarding the concept of the characteristic
6
strain and the development of material pileup and sinking-in at the contact
boundary, Eq. (2.2) was taken to be valid for both plasticity theories. In
solids with mild strain hardening (say, n < 0.2), α = 3.07 and β = 0.32 were
however advocated from the simulations with the flow theory.
The influence of a marked yield strength upon hardness measurements
through spherical indentation was studied by Mesarovic and Fleck [11]
considering a piecewise linear elastic–power law strain hardening stress–
strain curve and the Ramberg–Osgood hardening model, both under the
J2 associated flow plasticity theory. In this investigation, a decrease in p¯
with increasing penetration depth was detected for weak strain hardening
materials. Such a decay was taken to mark the limit between a so-called
small-strain fully-plastic indentation regime, where Tabor’s relation (Eq.
(2.2)) applies, and a finite deformation regime. Departure from Tabor’s
fully-plastic similarity regime in solids with large values of ratio σys/E was
also reported. As the elasto-plastic regime ruled over greater spans of
penetration depths in such solids, the range of a/D where Eq. (2.2) rules
contact was found to decrease or to even vanish prior to the attainment of
the finite deformation regime, marking the aforementioned decay in p¯. A
contact deformation map was then constructed byMesarovich and Fleck to
discern the range of validity for the elastic, elasto-plastic, small-strain (fully-
plastic) similarity, and finite deformation regimes in solids with different
values of σys/E.
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Chapter 3
Finite element simulations and
experiments
3.1 Simulations under flow and deformation plasticity theories
The present finite element simulations were conducted under the J2 as-
sociated flow and J2 deformation plasticity theories. These are the two
main competing theories in modelling plastic deformation processes under
a presumed pressure-independent dislocation glide in non-textured poly-
crystalline aggregates [12] [13] [14]. The J2 associated flow theory has
an incremental formulation, that needs to be integrated along the loading
path. It contains the feature of normality of the plastic strain increments
to the current yield surface (so that ˙pij = λSij). Assuming linear strain-rate
decomposition (˙ij = ˙eij+ ˙
p
ij), a simple form for the J2 associated flow theory
is ˙ij = ˙eij +
3˙pe
2σe
Sij, where the equivalent VonMises stress σe =
√
3/2 Sij · ·Sij
and the effective plastic strain rate ˙pe =
√
2/3 ˙pij · ·˙pij are two scalar quan-
tities. For proportional loading histories, integration of the flow theory is
straightforward leading to a deformation theory of plasticity, which is a
non-linear formulation preserving the Hookean character of the flow the-
ory: ij = eij +
3pe
2σe
Sij. The assumption of proportional loading (radiality)
is therefore the more debatable feature in thedeformation theory as it con-
tradicts the path-dependent nature of plastic deformation phenomena in
metals. Deformation plasticity however provides a much simpler theory
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which can be handled analytically in a variety of loading conditions. Inter-
estingly, a long debate has been held over the years regarding the accuracy
of the twoplasticity theoriesmainly because under specific loading configu-
rations (usually involving buckling), the deformation theory leads to much
accurate results than the the flow theory. Indeed, in structural engineering,
it has been a practice to use the two plasticity theories and to design with
the most critical one.
The current simulationswereperformedusing the commercialABAQUS
finite element code both with large and small deformation versions of the
flow and deformation plasticity theories accounting for large (finite) de-
formations. Thereby, Cauchy tensor σij is replaced by the Jaumann rate of
stress tensor
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σij, and deformation tensor ij is replaced by the Eulerian strain
rateDij. The finite element meshes were constructed assuming full axisym-
metry (see Fig. 3.1). As in our prior investigations for sharp indentation, a
mesh refining strategy was adopted with cuadrilateral eight-node elements
yielding a finer element density at the contact region. Frictionless contact
conditions were assumed in the majority of the simulations.
The assumed uniaxial stress–strain relations are generalized to an ar-
bitrary state through the principle of plastic power equivalency which in-
volves the Von Mises effective strain. The simulations with the flow theory
were performed by assuming the following piecewise linear elastic–power-
law plastic relation
 =
 σ/E, if σ < σys,σys/E (σ/σys)1/n otherwise, (3.1)
whereas the Ramberg-Osgood model was used in the simulations with the
deformation theory
 =
σ
E
+ K
(
σ
E
)m
. (3.2)
The simulations of spherical indentation in solids deforming through
the flow theory of plasticity under finite strains were performed for all com-
binations of E/σ0.1 = 50, 66.67, 100, 166.67, 400, 1000; and n = 0, 0.05, 0.10,
0.15, 0.20, 0.25, 0,30, 0.4. Five complementary simulations were performed
for a parabolical tip, whose shape was essentially the same as that of the
9
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Figure 3.1: Finite element mesh used in the simulations with the flow and
plasticity theories of deformation. Notice themesh refinement at the contact
region
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spherical indenter for a/R < 0.1 (see Chapter 5.3). Ten more simulations
were performed with the flow theory under infinite strains for a represen-
tative combination ofmechanical properties. The simulations assuming the
deformation theory comprised a total of 15 indentations under finite and
infinite deformations. These were performed for a selection of solids with
the abovementioned values of E/σ0.1 and n, where m = 1/nwas enforced in
Eq. (3.2). In doing so, K was taken as a fitting parameter for consistency
between Eqs. (3.1) and (3.2). Complementary simulations were also con-
ducted with the flow theory to evaluate the influence frictional effects on
mechanical property extractions. In these simulations, the Coulomb fric-
tion coefficient µwas fixed at 0.1 and 0.3. Overall, the present investigation
comprises 85 finite element simulations.
3.2 Crystal plasticity simulations
Single crystal indentation was investigated through the crystal plasticity
hardening model developed by Wu and Bassani [15]. This model was con-
structed with the purpose of capturing the three deformation stages which
occur in copper crystals when pulled in asymmetric crystalline orienta-
tions. The exact model used herein was previously employed in our prior
simulations of pyramidal indentation, andwas regarded to yield physically
accurate results under such contact conditions. The following are some fun-
damental elements of the hardening model. First, Schmid’s law is assumed
to govern plastic flow. A rate-dependent thermodinamical formulation for
the shear strain rates,
γ˙α = a˙
∣∣∣∣∣τ(α)g(α)
∣∣∣∣∣m , (3.3)
is then assumed which, by using suitable values for parameters a and m,
are however enforced to become vanishingly small. In Eq. (3.3), gα is
the instantaneous critical shear strength triggering dislocation glide in slip
system α, and τα is the shear stress acting on that system. The strain
hardening law is taken to be
τ˙(α)c =
∑
β
hαβ γ˙(β) , (3.4)
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where hardening matrix
hαα =
{
(h◦ − hs) sech2
[
(h◦ − hI)γ(α)
(τI − τ◦)
]
+ hI
} {
1 +
∑
β,α
fαβtanh
(
γ(β)
γ◦
) }
(3.5)
for self-hardening components and hαβ = qhαα for cross (latent) hardening
components; and matrix fαβ measures the relative strength of the differ-
ent dislocation interactions. Finally, computation of the active dislocation
density ρ in each slip system is performed through
ρ˙(α) =
1
b

√∑
β a′αβρ
(β)
K
− 2ycρ(α)
γ˙(α) . (3.6)
The specific values of the parameters in the hardening model are the same
as those reported in [16]. A three-dimensional finite element mesh was
constructed for the crystal plasticity simulations (shown in Fig. 3.2) with a
finer element density at the contact region. The simulationswere conducted
under frictionless contact conditions and accounting for finite strains.
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Figure 3.2: Three-dimensional finite element mesh used in the crystal plas-
ticity simulations. The refinement of themesh at the contact region is shown
in the figure.
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Chapter 4
Assessment of the contact
deformation regimes
4.1 Distinguishing between full-plasticity and elasto-plasticity
Figures (4.1)–(4.7) shows the results of the normalized hardness p¯/σ0.1 in
terms of E/σ0.1 for fixed values of a/D and n from the simulations performed
under the flow theory of plasticity with the piecewise linear elastic–power
law strain hardening model (where, as described in Chapter 2, σ0.1 is the
characteristic stress for sharp indentation defined at a characteristic strain
of 0.1). The figure is insightful in that for any constant value of a/D, it
illustrates that p¯/σ0.1 increases as E/σ0.1 is raised until a plateau in p¯/σ0.1 is
reached. This reproduces the findings from our prior simulations of sharp
indentation in strain hardening solids [16], [17], where a gradual increase
in p¯/σ0.1 is associated with an elasto-plastic transition, and the constancy
of p¯/σ0.1 at ∼ 2.8 for larger values of E/σ0.1 dictates attainment of the fully-
plastic regime. The boundary between both regimes also occurs at similar
levels of E/σ0.1 of, say, 200 for spherical and sharp indentation (i.e., Vickers,
Berkovich and conical tips of half-apical angle θ = 70.3◦). The similarity in
the cut-off value in p¯/σ0.1 for the departure from the elasto-plastic solution
towards the fully-plastic regime for the aforementioned sharp indenters
and the spherical tip becomes more evident as a/D is raised towards, say,
0.3 (see Figs. (4.1)–(4.7)).
This is a manifestation that as the severity of the deformation induced by a
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Figure 4.1: Relationship between p¯/σ0.1 and E/σ0.1 from simulations with
the flow theory of plasticity. The increase in p¯/σ0.1 and E/σ0.1 describes
elasto-plastic contacts whereas the constancy of p¯/σ0.1 with E/σ0.1 indicates
attainment of the fully-plastic regime. Notice that the curves split in terms
of strain hardening coefficient n and that with increasing strain hardening,
the onset of the fully-plastic regime is displaced towards smaller values of
E/σ0.1. Notice the good accord between the simulations and Eq. 6.2 (solid
lines). The figure is for normalized penetration depths a/R = 0.05 and 0.07.
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Figure 4.2: Continuation of Fig. 4.1 for normalized penetration depths a/R
= 0.10 and 0.15.
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Figure 4.3: Continuation of Fig. 4.2 for normalized penetration depths a/R
= 0.20 and 0.25.
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Figure 4.4: Continuation of Fig. 4.3 for a normalized penetration depth a/R
= 0.30.
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Figure 4.5: Magnified version of the relation between p¯/σ0.1 and E/σ0.1 for
small values of E/σ0.1. The figure is provided to gain resolution in the ap-
plication of the iterative procedure in FlowChart1 to elasto-plastic contacts.
The figure is for a/R = 0.05, 0.07 and 0.1.
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Figure 4.6: Continuation of Fig. (4.5) for a/R = 0.15, 0.20 and 0.25.
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Figure 4.7: Continuation of Fig. (4.5) for a/R = 0.3.
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 b) 
Figure 4.8: Von Mises stress isocontours illustrating the transition from
elasto-plasticity (a) to full-plasticity (b) for a solid with n = 0.05 and
a/R=0.15. The elasto-plastic contact is for and E/σ0.1=66.67, whereas the
fully-plastic contact is for E/σ0.1=400. In all simulations, indentations line at
a range where p¯/σ0.1 increases with E/σ0.1 exhibit isocontours where plastic-
ity is more confined (as given by the closing of the farthermost isocontour
denoting the plastic zone size in figure (a)); whereas plasticity spreads out-
wards for indentations made at a region where the constancy in p¯/σ0.1 is
reached (as given by the opening of the farthermost isocontour denoting
the plastic zone size in figure (b)).
spherical tip is raised, the contact response becomes closer to that in sharp
Vickers and Berkovich indentation, which sets an upper bound at p¯/σ0.1 0
2.8.
A physical underpinning to the attainment of the contact regimes con-
cerns the shape of the plastic zone. In close agreement with the trends
described for sharp indentation in [17], the shape of the Von Mises stress
isocontours setting the plastic zone are found to spread outwards from
the contact region for fully plastic indentation, whereas a more confined
(closed) shape, especially at the proximity of the free surface, becomes an
indication to the development of the elasto-plastic regime (see Fig. 4.8).
Also, the present finite element simulations systematically show that the
aforementioned increase in p¯/σ0.1 in terms of E/σr is inevitably associated
with a confinement of the plastic zone, and that the constancy in p¯/σ0.1
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marks its outwards spreading.
The evolution from the elasto-plastic to the fully-plastic regimes can also
be discerned through the relation between p¯/σ0.1 and a/D. Along these lines,
it is noted that Tabor’s relation provides a clear overestimation to hardness
for small values of a/D, where the elasto-plastic regime dominates contact
in solids with small values of E and large σys (Figs. (4.9) and (4.10)).
Although the accuracy of the relation may improve as penetration pro-
gresses and fully plasticity is reached (Fig. (4.9) and (4.10)), it is emphasized
that its fulfillment does not denote development of the fully-plastic regime
(see Chapters 4.2 and 5.1). Along these lines, full plasticity is only strictly
encountered in contacts where p¯/σ0.1 reaches a constant value with increas-
ing E/σr irrespectively of whether Tabor’s relation becomes an accurate
description.
An important feature in indentation experiments is the development of
material pileup or sinking-in at the contact boundary. Although spherical
indentation experiments suggest that a constancy in the amount of such
surface deformation modes with a/D mark the onset of the fully-plastic
regime [2], [9], [18] recent finite element simulations performed by Pharr
and coworkers have challenged this view. From the present simulations, we
share the conception that although surface deformation phenomena may
evolve with penetration depth even within the fully plastic regime, a con-
stancy in the amount of pileup or sinking-in is necessarily a manifestation
of full plasticity. This is illustrated in Fig. (4.11) through parameter [5], [9],
[18],
c2 = h/hs = a2/hsD , (4.1)
whichmeasures the amount of surface deformation as the ratio between the
true penetration depth h of the indenter’s tip including pileup or sink-in
effects, and penetration depth hs measuring the distance from the origi-
nal surface to the indenter’s tip. The present simulations also show that
although the development of sinking-in is not limited to solids indented
within the fully-plastic regime, material pileup is necessarily precluded in
elasto-plastic contacts.
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Figure 4.9: Plots of p¯/σ0.1 in terms of E/σ0.1 from simulations under the
flow theory of plasticity. The figure illustrates that Tabor’s relation pro-
vides lower bounds to fully-plastic contacts (E/σys = 50). With increasing
elasto-plasticity which occurs as E/σys is raised, p¯ is displaced to smaller
values as compared to predictions from Tabor’s relation. Not that the dif-
ference between the latter simulations and Tabor’s equation is reducedwith
increasing penetration depth ratio a/D, as full-plasticity is approached. Fi-
nally, the figure illustrates the decay in p¯ with increasing penetration and
its gradual suppression as n is raised towards 0.4. See text for details.
22
0,00 0,05 0,10 0,15 0,20 0,25 0,30
0,0
0,5
1,0
1,5
2,0
2,5
3,0
 
 
   n=0.2
E/σ
0.1
=50
 
 E/σ
0.1
=166.67
 E/σ
0.1
=1000
 Tabor
σ 0.1
a/D
0,00 0,05 0,10 0,15 0,20 0,25 0,30
0,0
0,5
1,0
1,5
2,0
2,5
3,0
p/| 
 
 
   n=0.4
 E/σ
0.1
=50
 E/σ
0.1
=166.67
 E/σ
0.1
=1000
 Tabor
σ 0.1
a/D
p/| 
Figure 4.10: Continuation of the results in Fig. 4.9 showing that an increase
in n favors the fully-plastic regime and the strict fulfillment of Tabor’s
relation at n ≥ 0.4.
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Figure 4.11: Figure illustrating that pileup and sinking-in parameter c2 is
only constant in fully-plastic contacts of solidswhose yield strength σys → 0
(E/σ0.1 = 74389). For solids with a finite σys whose contact response is fully-
plastic, constancy in c2 is not reached even with increasing penetration.
Not that a greater tendency for saturation in c2 is however found with the
deformation theory than with the low theory. See text for details.
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4.2 Detailed analysis of strain hardening effects
In contrast to sharp indentation, however, present simulations clearly show
that the evolution of p¯/σ0.1 in terms ofE/σ0.1 depends on the strain hardening
coefficient n, where larger values of p¯/σ0.1 are attained by increasing n (Figs.
(4.1)–(4.7)). Although in sharp indentation, the relationship between p¯/σr
and E/σr turns to be rather independent of n for σr ≡ σ0.1 [7], it is also found
that the present splitting in n values for spherical indentation cannot be
removed irrespectively of the deformation level at which the characteristic
stress is defined. This illustrates that if σr is to be a useful parameter in
describing spherical contacts, it shall vary with penetration depth along
the lines of the proposal by Tabor. Interestingly, however, Figs. (4.1)–(4.7)
show that by increasing a/D, the dependency on n becomes milder and the
plateau in p¯/σ0.1 becomes gradually closer to the value of 2.8 reached for the
above-mentioned sharp tips (see Fig. 4.1 at a/D → 0.3, especially for n = 0).
Along the present discussion, it is emphasized that Tabor’s relation lies
upon the assumption of a self-similarity in the indentation-induced stress–
strain fields in such away that the stresses and the strains are related to each
other through a homogeneous (differentiable) power-law non-linear elastic
relation [9]. The development of the elasto-plastic contact regime during
the early penetration of the spherical indenter is consequently due to the
break-down of self-similarity as linear elasticity comes into play. Therefore,
enforcement of the condition of differentiability of the stress–strain relation
at the transition of linear elasticity to power-law strain hardening plasticity
is increasingly disrupted in weak strain hardening solids. This provides a
useful argument to understand why for a fixed a/D, the constancy in p¯/σ0.1
in Figs. (4.1)–(4.7) for solids with a large n is differed to a smaller E/σ0.1,
thus facilitating the onset of the fully-plastic regime in solids with a wider
spectrum of properties.
The present analysis can be taken to illustrate that there are two funda-
mental sources of elasto-plasticity in spherical contacts. The first concerns
the development of significant linear elastic strains, which occurs in solids
with a reduced E and large σys. The second refers to the looseness in ensur-
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ing differentiability of the stress–strain relationwithin fully-plastic contacts,
which occurs by increasing n. Interestingly, the present results also have im-
plications to sharp indentation, where finite element simulations show a ∼
10% decay in the value of p¯/σ0.1 in the limit of perfect plasticity (n = 0). This
suggests a disruption of self-similarity in fully-plastic contacts because of a
severe lack of differentiability in the stress–strain relation at yield strength.
26
Chapter 5
Revisiting the contact
deformation regimes
5.1 Limitations to Tabor’s relation for fully-plastic contacts un-
der the J2 flow plasticity theory
A relevant feature in the structure of Tabor’s relation is that by substituting
σ◦ = σ0.1/0.1n into Eq. (2.2), p¯/σ0.1 is anticipated to depend only on n
for a fixed a/D. This indicates that at constant a/D, the plateau in the
relationship between p¯/σ0.1 and E/σ0.1, setting the onset of the fully plastic
regime, as well as its splitting in terms of n are qualitatively predicted
through Tabor’s relation. Nevertheless, the present simulations with the
flow theory show that even for fully-plastic contacts, the validity of Tabor’s
relation is limited because constants α and β vary with the mechanical
properties. Although, p¯ lies somewhat above the prediction from Tabor’s
relation in fully-plastic contacts of solids with n > 0.2 and a/D of less than,
say, 0.2, greater departures from that relation become evident when n is
decreased further. Accordance with Tabor’s relation thus improves by
increasing n up to 0.4, where the relation is strictly fulfilled at the constant
values of α = 2.8 and β = 0.4 (Fig. 4.10).
The current simulations with the J2 flow theory are in the lines of those
by Mesarovic and Fleck [11] in the sense that even when full-plasticity may
not be attained for a specific combination of mechanical properties, a decay
27
of p¯ with increasing a/D is found to occur beyond a critical penetration
depth, particularly for weak hardening solids where 0 < n ≤ 0.1, see Fig.
(4.9). This observation eludes analysis through Tabor’s relation, where p¯
is prescribed as a monotonically increasing function of a/D. In the present
simulations for a/D < 0.3, such a decrease in p¯ is clearly manifested for
n ≤ 0.1. Nevertheless, detailed analysis of the results show that for 0.2 ≤
n < 0.4, the slope of the curves of p¯ in terms of a/D gradually decreases to a
point suggesting attainment of a peak in p¯ at the larger limit of a/D from our
simulations. Notice that development of a peak in p¯ is gradually differed
to greater penetration depths by increasing n, to a point where for n = 0.4
it ceases to occur and Tabor’s relation accurately describes fully-plastic
contacts.
5.2 Flow vs deformation plasticity theories
Figure (5.1(a)) illustrates that a noteworthy difference between the simula-
tions performedwith the two plasticity theories is that the peaking of p¯with
increasing a/D referred to in Chapter 5.1 ceases to occur when the deforma-
tion theory is assumed. This indicates that in contrast with the conception
by Mesarovic and Fleck, the attainment of a finite deformation regime is
not the main contributing factor for the decay in p¯. Indeed, the fact that the
critical value of a/Dmarking the peak in p¯ is found to depend on the strain
hardening coefficient n (see Fig. (5.1(b))) already suggests that there may
be more to this phenomenon that the predominance of finite deformations,
which in contrast to the present simulations might have been anticipated to
trigger the decay in p¯ at a unique (material-independent) value of a/D.
The underlying reason for the decay in p¯ lies an enhancement ofmaterial
pileupwith increasing a/D in fully-plastic contacts of solids with finite yield
strength (σys > 0). This is associated with a loss in the assumption of self-
similarity for the fully-plastic contact regime, where c2would be expected to
remain constant [2], [9], [18]. The assumption of the constancy in c2 is better
fulfilled from simulations performed with the deformation theory, where
the amount of surface deformation remains more constant (Fig. (5.2)). The
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Figure 5.1: Part (a) shows that the peak in p¯ prior to its decay from the
simulationswith theflow theory is suppressed eve the analysis is performed
thedeformation theory. Part (b) illustrates that the critical penetrationdepth
ratio marking the decay in p¯ depends on the mechanical properties.
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Figure 5.2: Deformed meshes for identical penetration depths and me-
chanical properties, showing attainment of greater shear strains at the top
(contacting) elements of the meshes from the simulations with the flow (a)
as compared to the deformation (b) theories of plasticity. This is the un-
derlying reason for the finding of greater values for parameter c2 with the
flow theory (see Fig. 4.11), as well as for the hardness decay in weak strain
hardening solids. See text for details.
decay in p¯ thus follows from the additional increase in contact area because
of the enhancement of material pileup as penetration progresses. With
increasing hardening coefficient n, the tendency of the material to pileup
within the fully-plastic regime is reduced, so that the decay in p¯ becomes
less noticeable.
Interestingly, the development of a peak in p¯ during penetration is
suppressed at n ≥ 0.4, where the two plasticity theories yield similar
results. This is because at large values of n, the material displays an
increased tendency to sink-in which contrasts with the relative enhance-
ment of shear strains exhibited in weak strain hardening solids (n → 0),
which ultimately result in sliding and pileup effects. In the latter responses
where pileup predominates, the two theories are in greater disagreement as
path-dependency arises when material points which were essentially un-
der strong uniaxial compressive strains at the beginning of contact, become
30
gradually subjected to increasing levels of shear strains as they become
closer to the tip. In the former contacts with large n values, the radiality
of plastic flow is thus better preserved as the ratio of compressive to shear
stresses changes less as material point bocome gradually in contact with
the tip, leading to an equivalency in the results for the two theories. It is
also noteworthy that in the limiting case of n = 0, the competing plasticity
theories again yield equivalent results because path-dependency in plastic
flow can only occur when strain hardening is allowed to develop in the
simulations.
It is emphasized that if the solids are assumed to have vanishing yield
strength (σys = 0), the simulations for both the deformation and the flow
theories show a strict constancy in the amount of surface deformation with
a/D, which supports the assumption made by Hill et al in their analysis of
spherical indentation [9]. Nevertheless, for a fixed combination of mechan-
ical properties (σys > 0 and n > 0), material pileup is enhanced with the
flow theory as compared to the deformation theory of plasticity, where in
both cases, c2 depends both on n as well as on a/D and σys even within the
fully-plastic regime. In solids with σys = 0, which are those covered by Biwa
and Storakers [10], c2 depends only on n following the above-mentioned
constancy of the amount of surface deformation irrespectively of a/D.
In view of the ongoing discussion, the present simulations show that
while Tabor’s relation becomes increasingly valid as n is raised with the
flow theory of plasticity, a reverse trend occurs for deformation plasticity.
Although such a trend is not significant and α = 2.8 and β = 0.4 appear
to be in overall agreement with the results from deformation plasticity, a
slight departure from these values is detected with increasing n above 0.2.
The following relation of α(n) captures such variations if β is assumed to
remain constant at 0.4.
α(n) = 10 − 7.55n0.015 (5.1)
It is finally noticed that agreement between the simulations with the
competing plasticity theories is obtained in that elasto-plasticity reduces
the value of p¯/σ0.1 at fixed a/D. An important result from the comparison
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between the flow and deformation theories is that for an arbitrary set of
mechanical properties, the onset of the fully-plastic regime is facilitated
with the flow theory. This emanates from the above discussion since the
enhancement ofmaterial pileupwith theflow theory results in a fully-plastic
regime at lower values of a/D than in simulations with the deformation
theory.
5.3 Large vs small deformation effects
The current simulations indicate that the departure from Tabor’s relation
becomesmore evident under small deformationversions of thedeformation
and flow plasticity theories which, as indicated in Chapter 3.1, are formu-
lated in terms of tensors σij and ij for the original reference state rather that
with tensors
5
σij and Dij. In this regard, note that the tendency for the decay
in p¯/σr with increasing a/D, which was obtained from the simulations with
the flow theory for n < 0.15, is enhanced under small deformations (Fig.
(5.3)). Moreover, the validity of Tabor’s relation for the deformation theory
which was discussed in Chapter 5.2, becomes severely limited for the small
deformation formulation of the theory since (i) for n ≤ 0.1, the aforemen-
tioned decay in p¯/σr found with the flow theory is reproduced and (ii) the
relation between p¯/σr and a/D is systematically displaced towards smaller
hardness values as compared to the simulations accounting for large defor-
mations, which approximately matched Tabor’s relation with α = 2.8 and
β = 0.4. These are interesting points since following the simulations by
Mesarovic and Fleck, Tabor’s relation could be taken as a small deformation
formulation of a deformation theory of plasticity within the self-similar
fully plastic contact regime.
In addition to the issues arising from the large vs small deformation
formulations of the plasticity theories, self-similar analysis of indentation
are predicated upon the assumption that the tip is described by a homoge-
neous function which is strictly the case only of parabolic profiles. Indeed,
this is an excellent approximation for a/D < 0.1, where the radius of contact
changes by only 2% if the sphere is substituted by a suitable parabolic in-
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Figure 5.3: The figure illustrates that the decay in p¯ with increasing pene-
tration depth ratio a/D is enhanced when considering large deformations
(LD) as compared to small deformations (SD) versions of the flow theory.
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denter. Nevertheless, for large penetrations of the order of a/D = 0.25, the
change in contact area increases to ∼ 8%. The present simulations however
show that even for such large penetrations, the finite element simulations
performed for the flow and plasticity theories with a parabolic indenter
are indistinguishable from those conducted with the perfectly spherical
tip. These results further confirm that in contrast to the assumptions by
Mesarovic and Fleck, the onset of a finite deformation regime is not the
reason for the decay in p¯ with a/D which, as described in Chapter 5.2, can
only be analyzed within the context of the differences between the flow and
the deformation theories of plasticity.
5.4 A new contact deformation map for spherical indentation
From the finite element simulations with the flow theory of plasticity, Fig.
(5.4) provides amapwhich enables visual assessments of the role of theme-
chanical properties and penetration depth upon the active contact regime .
Solid thick lines denote the transition from elasto-plasticity to full-plasticity,
which is displaced towards smaller values ofE/σ0.1 as n increases. This illus-
trates the finding that strain hardening facilitates the onset of full plasticity
as described in Chapter 4.2. Also, the figure shows that the window of
validity of Tabor’s relation increases with increasing strain hardening as
discussed in Chapters 4.2 and 5.1. Figure (5.4) finally incorporates a re-
gion where hardness decays with increasing a/D because of the evolution
of parameter c2 within the fully-plastic contact regime of solids deforming
through the flow theory of plasticity (Chapter 5.2).
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 Figure 5.4: Map marking the transition from elasto-plastic to fully-plastic
contacts (thick solid line) from simulations with the flow theory of plas-
ticity. The transition is presented in terms of E/σ0.1 and n with increasing
penetration depth a/R. The map also marks the onset for the decay in p¯
found within the fully plastic regime when the flow theory is assumed in
the simulations. See text for details.
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Chapter 6
General hardness relation and
mechanical property
extractions
6.1 Hardness relation from the simulations with the flow theory
An important conclusion from the simulations with the flow theory of
plasticity is the strict lack of generality of Tabor’s relation evenwithin fully-
plastic contacts. Dimensional analysis can be employed to find a hardness
relation which correlates p¯ with mechanical properties E, σys and n, so that
in the most general form accounting for elasto-plasticity, it follows that [19]
p¯/σ0.1 = Π (E/σ0.1,n, a/D) , (6.1)
whereσys implicitly enters the relation throughparametersσ0.1 andn (notice
that for continuity between the elastic and the power-law plastic branches
in the uniaxial stress-strain relation, σ0.1 = En/σn−1ys 0.1n). The following
best-fit function to Eq. 6.1 is obtained from the finite element simulations
performed with the flow theory of plasticity:
p¯/σ0.1 |a/D= A(n) − (A(n) − B) · exp
[
−(K(n) · E/σ0.1)D(n)
]
, (6.2)
where
A(n) = A1 + A2 · n + A3 · n2 (6.3)
D(n) = D1 +D2 · n +D3 · n2 (6.4)
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K(n) = K1 + K3 · exp
[n − K2
K3
]
. (6.5)
The coefficientsAi, B,Di andKi are given in Table 1 for selected (discrete)
values of a/D. Equation 6.2 provides estimates of hardness p¯ to an accuracy
better than ±2% in any arbitrary elasto-plastic or fully-plastic contact prior
to the possible attainment of a peak in hardness values (Chapters 5.1-5.3).
The equation thus neglects the decay in p¯with increasing a/Dwhich occurs
in solids with n ≤ 0.1 that are assumed to obey the flow theory of plasticity.
The reader is directed to Chapters 6.2 and 6.3 to assess whether the solid
with the extracted set of properties would exhibit such a contact response
as well as its impact on the measured mechanical properties.
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Table 1. Values for Ai, Bi, Di and Ki used in Eq. 6.2. 
 
  A(n) = A1+A2n+A3n2 
            
 a/R=0.05   a/R=0.07   a/R=0.1  a/R=0.15  a/R=0.2   a/R=0.25  a/R=0.3 
            
A1 3,15285  3,00741  2,92768 2,90691 2,89055  2,80142 2,80421 
           
A2 -7,78604  -5,24072  -4,36037 -3,10001 -2,2451  -1,04312 -0,97342 
           
A3 6,63864  2,22179  1,74879 0,34574 -0,41661  -1,96852 -0,9182 
                         
B 
              
 a/R=0.05   a/R=0.07   a/R=0.1  a/R=0.15  a/R=0.2   a/R=0.25  a/R=0.3 
            
B -20  -10  1 0 0  0 0 
                         
  D(n) = D1+D2n+D3n2 
              
 a/R=0.05   a/R=0.07   a/R=0.1  a/R=0.15  a/R=0.2   a/R=0.25  a/R=0.3 
            
D1 0,1778  0,26954  0,76377 0,58114 0,5453  0,61654 0,59735 
           
D2 -0,07811  -0,43727  -0,8579 -1,15369 -0,86494  -1,39478 -0,55446 
           
D3 0,08422  0,6605  1,33807 1,75595 1,13473  2,13592 0,88146 
                         
  K(n) = K1+K3exp[(n-K2)/K3] 
              
 a/R=0.05   a/R=0.07   a/R=0.1  a/R=0.15  a/R=0.2   a/R=0.25  a/R=0.3 
            
K1 0  -0,15702  0,00818 0,0126 0,0297  0,04331 0,02093 
           
K2 -0,04537  -0,04825  -0,23341 -0,20465 -0,05445  -0,0096 -0,30109 
           
K3 2,1954  0,28386  0,00049 0,00473 0,00665  0,00622 0,01891 
           
K4 0,10036  0,11015  0,25678 0,19282 0,14209  0,11178 0,40306 
                         
              
                         
 
38
6.2 Methodology for unique mechanical property extractions
An important conception inmechanical property extractions from spherical
indentation involves the belief that as the contact response evolves from
elasto-plasticity to full-plasticity with increasing a/D, it may be possible to
find the values of E, σys and n from a number of hardness measurements
performed at different penetration depths. In principle, numerical analysis
of the simulations in Figs. (4.1)–(4.7) and Eq. (2.3) indicate that an utmost
of three hardness measurements is required as the number of unknowns
increases to three (i.e., E, σr and n). If one of themechanical properties, such
as the Young’s modulus E, is known a priori, uniqueness in the extraction of
the remaining twoproperties is in principle ensuredwith only twohardness
measurements. These findings transpire from the facts that: (i) Eq. (6.2)
is a monotonic function of its arguments (so that it does not exhibit local
maxima or minima in p¯/σr); and (ii) for a fixed value of n, interceptions of
the relations between p¯/σr and a/D are not found to occur as E/σr and n vary
systematically. It is however worthy to note that if hardness measurements
were performed at a range of a/D where the contact response becomes
fully plastic, the constancy of p¯/σr with E/σr (see Figs. (4.1)–(4.7)) precludes
extraction of E because any value of E/σr which is greater than, say, 200
would be a feasible result.
Although the extraction of E, σys and n from a minimum of three hard-
ness measurements performed at different values of a/D requires of some
algorithm for minimization of experimental fluctuations (simply because
the scatter in the measurements would render impossible to find a strict
solution of mechanical properties fulfilling Eq. (6.2)), a simple iterative
procedure is described in FlowChat 1 to find σys and n in the case where E is
known a priori. The procedure uses the results in Figs. (4.1)–(4.7) for differ-
ent values of a/D. A typical number of four iterations with different values
of σ0.1 is sufficient to find nwith a fluctuation smaller than ±0.02. Note that
this error is much smaller than that obtained through methodologies for
mechanical property extractions involving sharp instrumented indentation
experiments. Also note that although the decay in p¯ with increasing a/D is
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FlowChart 1. Methodology used to extract mechanical properties through hardness experiments. 
Measure E and, at least, two 
hardness values at different a/R. 
 
 
Figs. (4.1) – (4.7) are 
used to obtain different 
n values for each point 
p/σ0.1 – E/σ0.1 
Have the different 
values of n a 
fluctuation less than 
±0.02? 
Yes
The material is 
characterized 
Assume a value for σ0.1 . 
No 
not accounted for in Eqs. (6.2), its development can be readily identified
in Figs. (4.1)–(4.7) for solids with n < 0.1 whose E/σ0.1 lies out of the range
of the represented data points from the simulations. A brief discussion is
given in Section 6.3 on the impact of frictional effects upon the development
of the decay in p¯.
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6.3 Material-related issues in mechanical property extractions:
flow vs deformation theories, pressure sensitivity and fric-
tional effects
The purpose of this section is to evaluate the accuracy of mechanical prop-
erty extractions in light of the assumed plasticity theory and the develop-
ment of frictional effects between indenter and material. It is first sensible
to consider that a broad range of metallic materials may be classified into
one of the following categories: (i) high-purity metals, exhibiting small
yield strength (σys < 50 MPa) and strong strain hardening (n > 0.4); (ii)
alloys with moderate yield strength (σys ∼ 100 − 500 MPa) whose n lies in
the range of, say, 0.1 to 0.3; and (iii) high-strength alloys (σys ∼ 900 − 2000
MPa) exhibiting a rather perfectly plastic behavior with n < 0.1. In the
present work, experiments were performed in metals pertaining to each of
the above groups. The results obtained by Tabor and coworkers in poly-
crystalline copper are considered in conjunction with those in Ref. [18]
for a high-purity well-annealed copper to illustrate the contact response
of soft metals with vanishing yield strength. Additional experiments are
conducted in the AISI 2507 duplex stainless steel in Ref. [18] containing a
mixture of ferrite and austenite grains as the results are pertinent to metal-
lic alloys of moderate yield strength. Finally, four fully martensitic steels
exhibiting a variation in yield strength by virtue of suitable heat treatments
where evaluated to exemplify the contact response found in high strength
alloys. The indentation experiments were performed in samples of the
materials which were previously polished to a 1-µm finish using alumina
and Co-WC spherical indenters of 3 and 1.3 mm in diameter. Peak loads
ranged from 100 to 1000 N (± 3 N) and the size of the residual contact ra-
dius measured to a 1% resolution by recourse to Nomarski interferometry.
The mechanical properties from uniaxial tensile tests are reported in Table
2 for the pure copper and stainless steels along which those from uniaxial
compression tests performed in the four martensitic steels.
The results of the hardness measurements in the pure copper and the
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Table 2. Measured properties from uniaxial experiments. 
 
                      
 Copper  Stainless steel AISI  2507  Martensitic steels 
               
       MET 41 MET40 MET 70 MET 71
           
σy (MPa) 1,23  463 1130 1175 1470 1500 
          
n 0,6437   0,17  0,0542 544 0,0486 0,0502 
 
 
Table 3. Mechanical properties extracted form FlowChart1. 
 
                      
 Copper  Stainless steel AISI  2507  Martensitic steels 
               
       MET 41 MET40 MET 70 MET 71
           
σy (MPa) 0,14  518,08 1410 1563 1772 1772 
          
n 0,62   0,17  0,05 0,06 0,05 0,055 
 
 
stainless steel are presented in Fig. (6.1). The extracted properties obtained
using FlowChart1 (Chapter 6.2) are then given in Table 3 and are found
to be in excellent agreement with those from the experiments. Note that
in Fig. (6.1), the experimental results are plotted along with those from
finite element simulations performed using the precise extracted properties
of the materials. The curves from the experiments and simulations accu-
rately match each other, limiting the uncertainty in the estimation of n to a
maximum of ± 0.03 depending on the properties of the indented material
(Table 3). As described in Chapter 6.2, uniqueness in mechanical prop-
erty extractions is ensured from three hardness measurements performed
at different values of a/D. Additional hardness measurements increase the
accuracy when interpolating between them in order to estimate hardness at
the discrete values of a/D at which the plots in Figs. (4.1)–(4.7) are provided.
An important issue which favors the use of the flow theory instead of
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Figure 6.1: Comparison between experimental and computational hardness
measurements for the duplex stainless steel (a) and polycrystalline copper
(b). The points are the experimental results and the solid lines represent
the finite element simulations performed using the exact set of mechanical
properties extracted from the indentation experiments using FlowChart1.
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the deformation theory in the analysis of indentation experiments in metals
involves assessments of the amount of pileup or sinking-in occurring at
the contact boundary. Attention is therefore directed to Fig. 4 from the
work by Biwa and Storakers [10] (which compares the amount of surface
deformation attained by assuming the flow and the deformation plasticity
theories) and by Alcala´ and coworkers [18], where in the spirit of the early
work by Norbury and Samuels, c2 is plotted against hardening coefficient
n. Comparison between the different investigations show that when c2 is
measured in the loaded state (as in the case of the finite element simula-
tions), all experimental measurements match the relationship between c2
and n predicted for the deformation theory. This, however, is not a paradox-
ical statement as one has to keep in mind that the simulations by Biwa and
Storakers were performed for solids with vanishing σys, so that the relation-
ships between c2 and n for both plasticity theories have to be taken as upper
bounds. The present simulations indeed show a significant decrease in c2
as the yield strength is gradually increased from zero. This tendency oc-
curs to a point where the experiments become in better agreement with the
simulations performed with the flow theory. If one considers that frictional
effects would have further decreased the values of c2 from the simulations,
better agreement would be enforced for the flow theory since predictions
from deformation theory render significantly smaller values of c2 than the
experiments.
If the flow theory can be taken to describe the plastic flow features of
indentation tests in metals to a better accuracy than the deformation theory,
it is then questionable how Tabor’s equation (which is found to be valid
within the framework of the deformation theory of plasticity) could have
been obtained through experimentation in copper andmild steel. This issue
can be explained by considering that in well-annealed pure metals such as
copper, hardening exponent n exceeds 0.4 so that the flow and deformation
theories yield similar results according to the present simulations (Chapter
5.2). In the case of steels of moderate σys and n of, say, 200-400 MPa and 0.2,
respectively, the flow and deformation theories again provide equivalent
results. This is because at solids with n ≥ 0.2 and σys = 0, the decay in p¯with
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increasing a/D obtained with the flow theory at lower n values is prevented
and Tabor’s relation becomes a lower bound to p¯ (see Chapter 5.1 and
Figs. (6.2) and (6.3)). As σys is increased towards 300 MPa, elasto-plasticity
brings about a decrease in hardness so that the relationship between p¯ and
a/D then lies slightly belowpredictions fromTabor’s equation; following the
same tendency as the simulations with the deformation theory at a similar
yield strength and n values. Finally, Tabor also examined the response
of work-hardened copper, where prior uniaxial straining reduced n below
0.1 increasing σys above, say, 250 MPa. Under such conditions, the yield
strength is sufficiently large as to suppress the decay in hardness found
through simulations with the flow theory for n ≤ 0.1. Once again, the
simulations under the two plasticity theories are then in agreement for
σys of, say, 300 MPa, leading to similar evolutions of p¯ with normalized
penetration depth a/D.
In addition to enabling mechanical property extractions in early elasto-
plastic contacts which become fully-plastic with increasing penetration (as
in the case of the above duplex stainless steel), the hardness relation in Eq.
(6.2) holds the potential for extracting mechanical properties of strongly
elasto-plastic contacts were full-plasticity is not reached even at the greater
penetration depths of the experiments. This is the case of the four marten-
sitic steels where, overall, good agreement is found between the values
of σys and n extracted with FlowChart1 through the hardness measure-
ments in Fig. (6.4) and the properties measured in uniaxial compression.
A somewhat systematic displacement towards larger values of σys is how-
ever encountered in the extracted properties although n remains the same
as in the uniaxial tests (Fig. 6.5). As in the copper and the mild steel, the
simulations with the flow theory with the uniaxially measured properties
are in excellent accord with the experiments although for the larger pene-
tration depths, a slight but consistent deviation is encountered between the
hardness measurements and the hardness values from the simulations.
45
||
0,00 0,05 0,10 0,15 0,20
0,0
0,5
1,0
1,5
2,0
2,5
3,0
n=0.05
E/σ
0.1
=1000 DT
E/σ
0.1
=1000 J2
Tabor
p /
σ 0 . 1
a/D
0,00 0,05 0,10 0,15 0,20
0,0
0,5
1,0
1,5
2,0
2,5
3,0
n=0.1
E/σ0.1=1000 DT
E/σ0.1=1000 J2
Tabor
p /
σ 0 . 1
a/D
Figure 6.2: Comparison between simulations performed with the deforma-
tion and the flow theories of plasticity. Both part (a) –n = 0.05– and part
(b) –n = 0.1– are for solids with finite yield strength exhibiting an early
elasto-plastic contact regime, where hardness lies below predictions for
full-plasticity from Tabor’s relation. All contacts become fully-plastic with
increasing penetration, where Tabor’s relation is found to provide a lower
bound for hardness when the flow theory of plasticity is at issue. Detailed
analyses of the the results show that while the mathematical structure of
Tabor’s relation is maintained in simulations with the deformation theory
(where only slight adjustments are needed to constant α as proposed in Eq.
5.1), a different mathematical formulation is required to describe the results
from the flow theory where a peak in p¯ occurs in week strain hardening
solids.
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Figure 6.3: Continuation of the results in Fig. 6.3. Part (a) –n = 0.2– and
part (b) –n = 0.4– show that agreement with Tabor’s relation is gradually
enforced in simulations with the flow theory as n is increased towards 0.4.
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Figure 6.4: Hardness measurements from experiments (points) and finite
element simulations (solid lines) for the martensitic steels. The simulations
are performedwith the exact set ofmechanical properties extracted through
FlowChart1 using the indentation experiments.
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 Figure 6.5: Schematic showing the differences between the uniaxial stress–
strain curves obtained from uniaxial and indentation experiments in the
martensitic steels. The results are taken to indicate possible pressure-
sensitivity effects of plastic flow. The specific values in the schematic are for
the martensitic steel with greater yield strength σys. The value of σys = 1800
MPa was inferred from the indentatio experiments and the value of σys =
1500MPawas obtained from the uniaxial compressive experiments. Notice
the large strain hardening exponent n at the commencement of yielding and
its decrease to n = 0.05 as the uniaxial deformation  progresses. See text
for details.
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The above results are taken to illustrate the capacity of spherical inden-
tation in distinguishing pressure-sensitivity effects in plastic deformation.
In this sense, evidence of some influence of hydrostatic pressure in plastic
flow has long been considered to develop in bcc metals, where the glide of
dislocations is slightly affected by pressure either because of the nature of
the dislocation core, or because of a sensitivity to the applied pressure of
the interaction between dislocations and obstacles. Moreover, non-volume
conserving plastic deformation processes, where deformation twinning is
accompanied by volume change, can also be posed as a mechanism for
pressure sensitivity. The latter could become active precisely in the present
high-strength steels because of a possible indentation-induced transforma-
tion from retained austenite to martensite. Under the applied indentation
pressure, such mechanisms differ yielding to greater stress levels, resulting
in the extraction of a larger σys as compared to uniaxial experiments. This
presumption appears to be confirmed through detailed analysis of the uni-
axial experiments, where yielding initiates by twinning leading to a high
n value during the early plastic deformation stage ( ≤ 0.05), see Fig. 6.5.
Thereafter, deformation proceeds essentially through dislocation glidewith
a small n of 0.05, which coincides with the value extracted from the hard-
ness measurements. The extracted value σys matches the strength level in
the uniaxially measured stress–strain curve at the cut-off value of  ∼ 0.05,
where plastic flow is taken to occur through dislocation glide. Simula-
tions performed with the extracted mechanical properties perfectly match
the experimental hardness measurements, also reproducing the somewhat
greater hardness values measured at large penetration depths (Fig. (6.6)).
The present results thus indicate that yielding indeed initiates at greater
yield strength levels under spherical contact conditions, illustrating the
usefulness of spherical indentation in probing pressure-sensitivity effects.
The simulations accounting for friction between indenter and material
essentially show that frictional effects become increasingly important the
greater the tendency of the material to the development of pileup effects
(see [20] and Fig. (6.7)). To this end, the simulations show that the decrease
in p¯with increasing a/D found in mild strain hardening solids with a small
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Figure 6.6: Comparison between the experiments and two different simu-
lations for the martensitic steel with higher yield strength. The solid circles
are from the experimental measurements while the square and triangular
points from finite element simulations performed with the extracted set of
properties from the indentation experiments using FlowChart1 (squares),
and with the exact uniaxial stress–strain curve measured though uniax-
ial compression (triangles). The figure shows that indentation can readily
distinguish between the two sets of mechanical properties and thus has
the potential to evaluate possible pressure-sensitive effects in high-strength
metallic materials.
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Figure 6.7: Frictional effects in hardness measurements though finite ele-
ment simulations performed for µ = 0.2. The results show that the peak
in p¯ obtained with the flow theory of plasticity is removed when friction
comes into play. Also, the figure illustrates that frictional effects are negli-
gible at the early stages of penetration, where hardness exhibits the greater
variation with a/D.
σys is fully removed when friction is considered in the simulations. This is
because the strong pileup effects that are attained in these solids are also
significantly precluded by friction, which reduces the contact area leading
to an increase in hardness with a/D. This has important implications to me-
chanical property extractions in the sense that following Eq. (6.2), frictional
effects could be accounted for by simply neglecting the aforementioned
decay in p¯. The simulations for frictional contacts, Fig. 6.7 also show that
friction has little impact upon hardness values measured at a/D <0.1, which
is precisely the rangewhere hardness increases themost duringpenetration.
Mechanical property extractions may take advantage of this observation in
that resolution in the evaluation of n and absence of frictional effects are
both favored by measuring hardness at the early stages of penetration.
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Chapter 7
Comparison between spherical
indentation experiments in
single crystals and polycrystals
Figure (7.1(a)) shows the evolution of hardness p¯ with normalized pene-
tration depth a/D from the crystal plasticity finite element simulations of
indentations performed in different crystallographic planes. The results
allow one to evaluate the use of isotropic methodologies for mechanical
property extractions to single-crystal indentation. Overall little hardness
anisotropy is found in the results as for a fixed a/D, p¯ only exhibits a slight
variation for the various indented planes.
Values of σys=10.95 MPa and n=0.4 are obtained when using the mean
(averaged) curve of p¯ vs a/D for the different planes in conjunction with the
procedure in FlowChart1. Good agrement is found between such extracted
properties and those reported for polycrystalline copper in Table 3. This is
fundamentally attributed to (i) the relatively large level of isotropy in the
hardness values obtained in different crystallographic directions, which has
already been identified as the main underlying reason why crystal plastic-
ity simulations of pyramidal indentation in copper single crystals result in
similar contact responses as those from experiments and simulations per-
formed in copper polycrystalline aggregates [16], and (ii) the mild grain
boundary strengthening effects occurring in pure fcc metals of relatively
high stacking fault energy, which lead to a modest increase in n from 0.4 to
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Figure 7.1: Part (a): Crystal plasticity simulations of hardness values from
indentations made at three different crystallographic orientations in high-
purity copper crystals. Notice that although little hardness anisotropy is
found, the elastically stiffer crystallographic orientations become the plas-
tically softer at the normalized penetration depth of a/D = 0.07. Part (b):
Discrete hardness values obtained as average measurements from the three
crystallographic planes in (a). The solid line in part (b) is from a simulation
with the flow theory of plasticity performed by using the extracted set of
σys and n from FlowChat1, where the aforementioned average hardness
measurements were employed as input. The figure shows that excellent
accord is reached between the simulations with the crystal plasticity model
and those from the flow theory of plasticity with a “homogenized” set of
mechanical properties. 54
0.6 between the extracted single crystal response and the experiments for
a polycrystalline aggregate, respectively. Obviously, the present discussion
is limited to cubic crystals, as significant hardness anisotropy would be
anticipated to rise in non-cubic solids with fewer slip systems. In addition
to single crystal indentation, Fig. (7.1(b)) shows the evolution of p¯with a/D
fromfinite element simulations performedwith the flow theory of plasticity
for isotropic polycrystals, where the extracted σys=10.95MPa and n=0.4 are
used as input values. The precise match between the two curves of p¯ in
terms of a/D illustrates the agreement between the flow theory of plasticity
and the single crystal hardening model.
Detailed analysis of the simulations of indentations made along the
various crystallographic directions suggest that although there is a system-
atic tendency for the computation of higher hardness in (001) indentation
and for smaller hardness in (011) indentation, this trend is reversed for
a/D greater than, say, 0.07. This finding appears to show the potential of
spherical indentation experiments in discerning between elastic and plas-
tic anisotropy in that for small penetration depths, measurement of higher
hardness in certain crystallographic planes is speculated to imply a higher
resistance to elastic penetration. For greater penetration depths, the results
suggest that plastic deformation may be facilitated along those crystallo-
graphic directions whose the elastic contact stiffness is the greater.
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Chapter 8
Conclusions
The following conclusions can be drawn from the present investigation:
1. It has been shown that attainment of Tabor’s hardness relation does
not set the boundary between the fully-plastic and the elasto-plastic
contact regimes. In a similar fashion as in sharp indentation, the
boundary between these regimes can only be established at the cut-
off value at which the relation between the normalized hardness p¯/σr
and ratio E/σr acquires a constant value in p¯/σr. In contrast to sharp
indentation, the characteristic stress level σr looses its capacity of
bearing the influence of strain hardening on hardness p¯. It is for this
reason that the relation between p¯/σr andE/σr splits for different values
of the strain hardening coefficient n, so that the present selection of σr
as the uniaxial stress existing at uniaxial strain of 0.1 is an arbitrary
one.
2. Tabor’s relation for fully-plastic contacts exclusively describes the
contact response of solids following the deformation theory of plas-
ticity. Simulations with the flow theory of plasticity for fully-plastic
indentations show that Tabor’s relation is a rigorous lower bound for
hardness p¯ since for small values of penetration depth ratio a/D, the
increase in p¯ as a/D is raised becomes greater than that predicted by
Tabor’s relation. As a/D is increased further, the raise in p¯ becomes
gradually smaller than predictions from Tabor’s relation, to a point
where for small values of the hardening coefficient (n ≤ 0.1), a decay
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in p¯ occurs.
3. The present analysis shows that fully-plastic and elasto-plastic inden-
tations cannot be classified into finite or infinite deformation regimes.
Along these lines, the above-mentioned decay in p¯with increasing a/D
is not indicative of the onset of finite deformations, as it is fundamen-
tally related to a lack of constancy in the amount of material pileup or
sinking-in asmeasured through parameter c2. In simulations with the
flow plasticity theory, a significant increase in c2 with increasing a/D is
found within the fully plastic regime of solids of finite yield strength
σys, which raises the contact area to the point where p¯ decayswith a/D.
The increase in c2 within the fully-plastic regime in simulations with
the deformation theory of plasticity is less noticeable than with those
for the flow theory. The decay is p¯ is therefore not encountered in
the former simulations. It is finally emphasized that the simulations
performed under finite and infinite deformation versions of the flow
and deformation plasticity theories, as well as with a paraboloidal
indenter, further support the present arguments that it is not possi-
ble to discern between so-called finite or infinite fully-plastic contact
regimes.
4. A general equation has been found which correlates hardness p¯ with
mechanical properties E, σys, n and a/D for any arbitrary fully-plastic
or elasto-plastic contact. A methodology is proposed and tested ex-
perimentally which has the virtue of providing unique estimates of
σys and n from aminimum of two hardness measurements performed
at different values of a/D. Guidelines are given in the paper to distin-
guish possible pressure-sensitive effects on plastic deformation pro-
cesses when extracting mechanical properties as well as to minimize
the influence of frictional effects in such assessments. Based on experi-
mental results, a discussion is also givenwhich supports the use of the
flow theory of plasticity in the analysis of indentation experiments.
5. Simulations of single crystal indentation confirm the similarity be-
tween hardness measurements performed in fcc metals of weak grain
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boundary strengthening and those from polycrystalline aggregates
fulfilling the flow theory of plasticity. This illustrates the potential
use of the present methodology in extracting homogenized (equiva-
lent) values of σys and n from single crystal indentations. Detailed
analysis of the simulations also suggest that the degree of elastic and
plastic contact anisotropy could be potentially distinguished though
spherical indentation experiments.
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